Conic section is one of the geometric elements most commonly used for shape expression and mechanical accessory cartography. A rational quadratic Bézier curve is just a conic section. It cannot represent an elliptic segment whose center angle is not less than . However, conics represented in rational quartic format when compared to rational quadratic format, enjoy better properties such as being able to represent conics up to 2 (but not including 2 ) without resorting to negative weights and possessing better parameterization. Therefore, it is actually worth studying the necessary and sufficient conditions for the rational quartic Bézier representation of conics. This paper attributes the rational quartic conic sections to two special kinds, that is, degree-reducible and improperly parameterized; on this basis, the necessary and sufficient conditions for the rational quartic Bézier representation of conics are derived. They are divided into two parts: Bézier control points and weights. These conditions can be used to judge whether a rational quartic Bézier curve is a conic section; or for a given conic section, present positions of the control points and values of the weights of the conic section in form of a rational quartic Bézier curve. Many examples are given to show the use of our results.
Introduction
As we all know, circular arc and conic section play important roles in modeling system. They are some of the simple, and commonly used geometric elements in shape expression and mechanical accessory cartography. More than 20 years ago, the treatises about low degree rational Bézier representation of conics have been published and have greatly come forth after which the NURBS technique has been introduced into geometric design [2] [3] [4] [6] [7] [8] [9] [10] [11] [12] 15, 16] . A rational quadratic Bézier curve is just a conic section [10] , and it cannot represent an elliptic segment whose center angle is not less than . The range for rational cubic Bézier representation of conics is extended. The largest center angle of a rational cubic circular arc is still not more than 4 /3 [16] . Using negative weights can extend its expressing range to 2 (but not 2 ). However, such constructions are less relevant to CAD, because they lose the convex hull property [2] . A rational quartic Bézier curve can express any circular arc whose center angle is less than 2 , and it requires at least a degree 5 rational Bézier curve to represent a full circle without resorting to negative weights [4] . Therefore, it is actually worth making clear the necessary and sufficient conditions for the rational quartic Bézier representation of conics in theory, and also giving its corresponding algorithms. In fact, people have already paid attention to the study of rational quartic conic sections in recent years. A special representation for conic sections in the form of a rational quartic Bézier curve which has the same weight for all control points but the middle one is presented [5] . However, it did not give the necessary and sufficient conditions for conic sections in general form, and also did not present a further ordinary case that the weights are arbitrary positive real numbers; on the other hand, given a rational quartic Bézier curve, it cannot judge whether it is a conic section.
Applying coordinate transformation and parameter transformation, Wang et al. presented the necessary and sufficient conditions for the rational cubic Bézier representation of conics in [17] . Based on the abovementioned key points, in order to deduce further the necessary and sufficient conditions for the rational quartic Bézier representation of conics, this paper presents a new idea based on the fact that all rational Bézier conic sections except for degree two are degenerate, i.e., improperly parameterized and/or degree-reducible [13] . So the study on rational quartic conic sections attributes to two special kinds: degree-reducible and improperly parameterized rational quartic Bézier curves. This paper deduces the necessary and sufficient conditions for conic sections in the form of these two kinds of curves, respectively, and then obtains the necessary and sufficient conditions for the rational quartic Bézier representations of conics. These conditions are divided into two parts: Bézier control points and weights, so they are fit for shape design. They can be used to judge whether a rational quartic Bézier curve is a conic section; or for a given rational quadratic or implicit conic section, to present an algorithm to calculate positions of the control points and values of the weights, of a rational quartic Bézier curve representing it. We will particularize multifarious examples to show that these results have potential valuable application benefits to computer graphics and geometric modeling.
Necessary and sufficient conditions for the rational quartic Bézier representation of conics
Negative weights would result in losing the convex hull property of curves [2] . Farin also has pointed out "If some weights are negative, singularities may occur; we will therefore only deal with nonnegative weights" [8] . Furthermore, in order to guarantee every control point of the curve is valid, we provide that all the weights are nonzero. Therefore, without loss of generality, the rational quartic and quadratic Bézier curves in this paper are defined as follows, respectively:
where all the weights of curve (1) and the end weights of curve (2) are positive, 0 t 1, and for the sake of simpleness, the end weights of curve (1) are chosen as 1. We call the rational Bézier curve taken the form as (1) standard rational Bézier curve [9] . A general rational Bézier curve whose end weights are not equal to 1 can be changed to a standard form and at the same time keep its shape and control points invariable. So the results in this paper can also be applied to rational Bézier curves in general form. It must be pointed out that for curve (2), we only provide the end weights are both positive, and admit the mid-weight can be negative. This assumption is totally a need for reasoning in this paper. In the proof of Theorem 2 we will see that an improperly parameterized rational quartic conic section must be obtained by a rational parameter transformation from these two different kinds of curve (2), i.e., the mid-weight is positive or negative. In fact, when all the weights are positive, the rational quartic conic section not only can represent a small segment of a whole conic section, but also can almost represent a whole conic section. However, a rational quadratic Bézier curve can only represent a small segment of a whole conic section; only when the mid-weight of the rational quadratic Bézier curve is negative, the expressing range of the conic segments represented by it can be extended, and it simultaneously can be changed to a rational quartic Bézier curve with positive weights by a parameter transformation. Berry and Patterson has pointed out: "If a Bézier curve cannot be degree reduced and is not improperly parameterized then the control points are uniquely defined." [1] . In other words, if the control points of a Bézier curve are not uniquely defined then it is improperly parameterized and/or degree-reducible. Therefore, all Bézier conic sections other than quadratic conics are fit for this condition. Let us consider improperly parameterized rational conic sections. The degree of this kind of rational conic sections is not less than 4, because a conic section is a quadratic curve. Therefore, there does not exist an improperly parameterized rational cubic conic section; that is, a rational cubic conic section must be degree-reducible. As for a rational quartic conic section, it is improperly parameterized or degree-reducible. Next we will discuss these two kinds of rational quartic conic sections, respectively. 
(II) (2a) Being the same as (1a); (2b) The points R 1 , R 3 are identical to the point P 1 , the point R 2 is the internal point of division of the line segment R 0 R 4 (see Fig. 1(4) );
(2c) 2 = 1 6
where P 0 = R 0 , P 2 = R 4 , the point P 1 is the intersection of the two end tangent lines of curve (1) , and is identical to the mid-control point of curve (2); S is the directed area of the triangle R 0 P 1 R 4 , A i , B i , C i are the directed areas of the triangles
respectively; and T is the directed area of the triangle R 1 P 1 R 3 (see Fig. 2 ).
Proof. We will prove the necessary conditions first. Suppose the rational quartic Bézier curve (1) can be degreereduced to a rational quadratic Bézier curve expressed as (2) . This implies that there exists one and only kind of quadratic polynomial expressed as
(5) such that
r(t) ≡ q(t)S(t)/S(t).
According to the defining equations (1) and (2) of the curves r(t) and q(t), we have R(t) = kQ(t)S(t), W (t) = kU (t)S(t), where k is a real number. Rewriting ka i as a i (i = 0, 1, 2), it follows that
R(t) = Q(t)S(t), W (t) = U (t)S(t).
Substituting the sum formulae of (1) and (2) , and (3) into the above formulae, combining similar terms, and applying the linear independence of the Bernstein basis of degree 4, we can obtain the following five scalar equalities and five vector equalities:
It is obvious that they are equivalent to the same five scalar equalities and the other five vector equalities expressed as
At the same time we know the point P 1 is the intersection of the straight lines R 0 R 1 and R 4 R 3 . Now we analyze the conditions which the control points of curve (1) need to satisfy. First, it is a planar curve, so all of its control points are coplanar, and then (1a) and (2a) are proved. Secondly, since u 0 and u 2 , the end weights of curve (2), are both positive, and there are a 0 u 0 = a 2 u 2 = 1, we have a 0 > 0, a 2 > 0. In addition, 1 , 2 and 3 , the weights of curve (1) are positive.
Seeing about the abovementioned five scalar equalities and five vector expressions of the points R i (i = 0, 1, . . . , 4), it is easy to get the barycentric coordinates of the points R 1 , R 2 and R 3 about the triangle R 0 P 1 R 4 are as follows:
Next, we analyze the sign of the barycentric coordinates of the points R i , which is denoted by s i =(+/−/0, +/−/0, +/ − /0), i = 1, 2, 3. Then we obtain the positional information of the points R 1 , R 2 and R 3 in the following dissimilar cases:
Then there is a 1 u 0 + a 0 u 1 < 0, which is inconsistent with 1 > 0, so we cast out this case.
Then there is 1 = a 0 u 1 /2 < 0, which is inconsistent with 1 > 0, so we cast out this case. Then (1b) and (2b) are proved. Next we will prove the conditions (1c)-(1e) or (2c) and (2d).
If the positional relation of the three points R 1 , R 2 and R 3 satisfies (1b), then by the abovementioned five scalar equalities, we can calculate the invariables of this rational quartic conic section [18] as follows:
Also by Fig. 2 , there are
Substituting (10) into (7)- (9), respectively, we have the conditions (1c)-(1e).
If the positional relation of the three points R 1 , R 2 and R 3 satisfies (2b), i.e., a 1 = 0, then by the abovementioned five scalar equalities and (5), there are
by the fourth term of (11), we have
Substituting the above formula into the second term of (11), we obtain (2c); substituting the first, third terms of (11) into 1 / 3 , then comparing with the above formula, we have (2d). Then the necessary conditions are proven.
The next step is to prove the sufficient conditions. From the proof of the necessary conditions, we can know that its each step is reversible. This means that the sufficient conditions hold. To sum up, this completes the proof. Remark 1. When P 1 is an infinite point which occurs in the case that rational quartic conic section is an elliptic segment with its center angle , i.e., R 0 R 1 R 3 R 4 , especially we have B 1 = D 2 , B 3 = D 0 , and hence the conditions (1c)-(1e) can be simply written as
Improperly parameterized rational quartic conic sections
Theorem 2. Suppose a rational quartic Bézier curve is expressed as (1), the meanings of 
(IV) (4a) Being the same as (1a) in Theorem 1; (4b) The points R 1 and R 3 are identical to the points R 0 and P 1 , respectively, the point R 2 is the internal point of division of the line segment R 1 R 3 ( Fig. 1(5) );
(V) (5a) Being the same as (1a) in Theorem 1; (5b) The points R 1 and R 3 are identical to the points P 1 and R 4 , respectively, the point R 2 is the internal point of division of the line segment R 1 R 3 ( Fig. 1(6) );
Proof. We will prove the necessary conditions first. Suppose the rational quartic Bézier curve (1) is improperly parameterized from a rational quadratic Bézier curve expressed as (2) . This is equivalent to that there exists only a kind of parameter transformation [14] 
where (t), (t) are denoted as the numerator and denominator of s(t), respectively, such that
r(t) ≡ q(s(t)).
If the end weights of the rational quadratic curve q(t) satisfy u 0 = u 2 = 1, then it is a standard rational quadratic Bézier curve; or there exists a parameter transformation (12) and a linear parameter transformation f (x), such that
where f (s(t)) is still a rational quadratic polynomial, i.e., this rational quadratic curve q(t) is still a standard rational quadratic Bézier curve. So without loss of generality, we only discuss the conic section in a standard rational quadratic Bézier form. According to the defining equations (1) and (2) of the curves r(t) and q(t), there is a real number , or without loss of generality, taking as 1 or −1, such that
Substituting the sum formulae of (1) and (2), and (12) into the above formulae, combining similar terms, and applying the linear independence of the Bernstein basis of degree 4, we have
By the last term of the above formulae, there are = 1, a 2 2 = b 2 0 = 1. Without loss of generality, we assume a 2 = 1, and then there are the following three scalar equalities and five vector equalities:
It is evident that they are equivalent to the same three scalar equalities and the other five vector equalities expressed as
At the same time we can affirm that the point P 1 is the intersection of the straight lines R 0 R 1 and R 4 R 3 when a 1 = 0, b 1 − a 1 = 0; the point P 1 is just the point R 3 when a 1 = 0, b 1 − a 1 = 0; the point P 1 is just the point R 1 when
Now we analyze the conditions which the control points of curve (1) need to satisfy. First, it is a planar curve, so all of its control points are coplanar, and then (3a), (4a) and (5a) are proved.
Noting the abovementioned three scalar equalities about the weights i (i = 1, 2, 3), also observing five vector expressions of the points R i (i = 0, 1, . . . , 4) , it is effortless to find the barycentric coordinates of the points R 1 , R 2 and R 3 about the triangle R 0 P 1 R 4 are as follows:
Conic section has no inflexion, so tangents at every point of the rational Bézier curve always keep the direction in clockwise (or anticlockwise), especially the end tangents of this curve must be at different side of the line segment R 0 R 4 . However, both tangents are in the same direction of the vectors R 0 R 1 and R 3 R 4 when a 1 = 0, b 1 − a 1 = 0, respectively, also by the point P 1 is just the point R 3 when a 1 = 0, b 1 − a 1 = 0; the point P 1 is just the point R 1 when a 1 = 0, b 1 − a 1 = 0, we can conclude that the points R 1 and R 3 are at the same side of the line segment P 0 P 2 , i.e., R 0 R 4 . Therefore, based on (13) and (15) and noting that the weights 1 and 3 of curve (1) (1) is outside of the convex hull formed by the control points of curve (2) . But by the property of convex hull of rational Bézier curves, curves (1) and (2) must be inside of their respective convex hull, so curve (2) cannot be identical to curve (1) by way of any parameter transformation. Thus the case should be cancelled. [8, 11] . Therefore, it is outside of the convex hull formed by {R i } 4 i=0 , the control points of the rational quartic Bézier curve (1). But curve (1) must be inside of the above convex hull and hence cannot be improperly parameterized to curve (2) . So this case should be cancelled. (2) is the complementary segment of the original conic segment with its positive weights u 0 , −u 1 and u 2 . Therefore, a part of it is outside of the convex hull formed by {R i } 4 i=0 , the control points of the rational quartic Bézier curve (1). So curve (2) cannot be identical to curve (1) by way of any parameter transformation noting that curve (1) is inside of the above convex hull. Thus, this case should be cancelled. Then (3b), (4b) and (5b) are obtained. Next we will prove the conditions (3c)-(3e), (4c) and (4d) or (5c) and (5d).
If the positional relation of the points R 1 , R 2 and R 3 satisfies (3b), there is a 1 (b 1 − a 1 ) = 0. Therefore by u 2 1 = B 1 B 3 / (A 1 C 3 ) , and the abovementioned three equalities about the weights, we can calculate the invariables of this rational quartic conic section [18] as follows:
By the expressions of the control points R 1 , R 2 and R 3 , there are
Then
Substituting (18) into the above formula, we have
Substituting (10) into (16), (17) and (19), the conditions (3c)-(3e) are obtained.
If the positional relation of the three points R 1 , R 2 and R 3 satisfies (4b), thus there are a 1 = 0, b 1 − a 1 = 0, then we have
By Fig. 1(5) , we know that the point R 2 is the internal point of division of the line segment
there is b 0 = 1 > 0, so the above formulae can be simply written as
By the fourth term of (20), we know that
Substituting the above formula and the first three terms of (20) into 2 / 2 1 , 3 / 3 1 , respectively, we obtain (4c) and (4d).
If the positional relation of the three points R 1 , R 2 and R 3 satisfies (5b), thus there are a 1 = 0, b 1 − a 1 = 0, so with the same method as in the case of (4b), we can obtain (5c) and (5d). Then the necessary conditions are proven.
The next step is to prove the sufficient conditions. From the proof of the necessary conditions, we can know that its each step is reversible. This means that the sufficient conditions hold, too. To sum up, this completes the proof.
Remark 2.
When P 1 is an infinite point which occurs in the case that rational quartic conic section is an elliptic segment with its center angle , i.e., R 0 R 1 R 3 R 4 , especially we have B 1 = D 2 , B 3 = D 0 , and hence the conditions (3c)-(3e) can be simply written as 
Theorem 3. Suppose the meanings of
and the curve satisfying (i) is degree-reducible, the curve satisfying (ii) is improperly parameterized.
Proof. All rational Bézier conic sections other than quadratic curves are degenerate, that is, improperly parameterized and/or degree-reducible. This judgment is obviously true based on the analogous reasoning with the one about rational higher degree circles, Sánchez has affirmed in Ref. [13] . By Theorems 1 and 2, we can obtain the necessary and sufficient conditions for the rational quartic degree-reduced or improperly reparameterized Bézier representation of conics, respectively. Then the theorem is proved by integrating these two cases. 1, 2, 3) are the same as in Theorem 1, respectively. Let
Class conditions of rational quartic conic sections Theorem 4. Suppose the rational quartic Bézier curve r(t) represented as (1) is a conic section, the meanings of S, T , A i , B i , C i (i =
Then when 2 < 1, 2 = 1 and 2 > 1, the curve r(t) is an elliptic segment, a parabolic segment, or a hyperbolic segment, respectively. (4)- (6), we have
Proof. Suppose r(t) satisfies condition (I). Then by
We know that when 2 < 1, 2 = 1 and 2 > 1, r(t) is an elliptic segment, a parabolic segment, and a hyperbolic segment, respectively. Multiplying the first term of (22) by the third term of (22), the second term of (22) by the fourth term of (22), respectively, substituting them into (23) simultaneously, and clearing up, we have
If r(t) satisfies the condition (II), then by the first and third terms of (11), we obtain 2 = 4 1 3 .
If r(t) satisfies the condition (III), then by (13) and (15), there are
Substituting the above formulae and u 0 = u 2 = 1 into (23), we obtain
If r(t) satisfies condition (IV), then by the first and third terms of (20), there is
If r(t) satisfies the condition (V), then with the same method as for the condition (IV), there is
To sum up, we obtain (21). Then the theorem is proved.
Two algorithms for design and modeling of rational quartic conic sections
There are two important tasks in conic section design and modeling by rational quartic Bézier curve. One is to judge whether a given rational quartic Bézier curve is a conic section,the other is that according to some geometric parameters or implicit expressions of a given conic section,to give relevant positions of the control points and values of the weights,when we hope the conic section is represented as a rational quartic Bézier curve. It will be not difficult to accomplish these two tasks based on the theoretic results in Sections 2 and 3. In the following we present two corresponding algorithms to show how to do these two tasks,respectively:
Algorithm 1 (Judging whether a given rational quartic Bézier curve is a conic section.).
Given the control points R i (i = 0, 1, . . . , 4) and weights i (i = 0, 1, . . . , 4) of curve (1).
Step 1 if the weights satisfy {(5c),(5d)} return "Yes, case (V), Fig. 1 Given a conic section, we will derive Algorithm 2 to represent its rational quartic Bézier form. It must be pointed out that there exists a special case in this task. As we know, semi-circle or semi-ellipse cannot be represented by (2) because its middle control point is an infinite point. So a special approach dealing with invalidation of expression (2) is written in Algorithm 2. The idea can be described as follows. First, take a unit circular arc which is symmetric to y-axis and whose central angle is 2 < , then express it as a rational quadratic Bézier curve by using the control points
, 0] T and the weights 1, √ u 2 cos , u 2 , respectively, where = P 1 P 0 P 2 , u 2 > 0. Secondly, do a parameter transformation (rotation transformation and stretching transformation) to change the above unit circular arc to a rational quadratic ellipse with a central angle 2 , obtain the corresponding control points and weights. Thirdly, apply Theorems 1 and 2 to represent the rational quadratic ellipse as rational quartic Bézier curve. It can be done because its central angle is still less than and hence expression (2) is applicable. Finally, let the angle approach /2, then the rational quartic ellipse with the central angle 2 < must become a rational quartic semi-circle or semi-ellipse, and its corresponding control points and weights shown as in Step 3 are that just we want to obtain based on the geometric invariability.
Algorithm 2 (Designing a given conic section in rational quartic Bézier format.).
Given a rational quadratic or an implicit conic section.
Step 1: If the two end tangent lines are not parallel, then calculate this corresponding control points P i (i = 0, 1, 2), and weights 1, u 1 , u 2 in rational quadratic format, then jump to Step 2; else jump to Step 3.
Step 2: input the kind of the quartic curve we need: degree-reducible or improperly parameterized Case degree-reducible: If u 1 > 0 if choose any a 1 > 0 the control points and weights are as follows (see Fig. 1 (1)):
if choose any − min{u 1 , u 1 /u 2 2 , (u 2 2 + 1)/(4u 1 u 2 )} < a 1 < 0 the control points and weights are as in the formulae ( * ) (see Fig. 1(3) ).
if choose a 1 = 0 the control points are Fig. 1(4) ).
, and the control points and weights are as in the formulae ( * ) (see Fig. 1(2) ).
else Output "No degree-reducible quartic curve" Case improperly parameterized:
Change the weights {1, 
the control points and weights are as follows:
where b 0 = 1 (see Fig. 1(1) ). else if choose some a 1 < 0 and b 1 satisfying 2b 2 1 + 2a 2 1 + (4a 1 b 1 − 1)u 1 > 0, and −a 1 /u 1 < b 1 < − a 1 u 1 . the control points and weights are as in the formulae ( * * ), where b 0 = −1 (see Fig. 1(3) ).
else if choose a 1 = 0, and
the weights are 0 Fig. 1(5) ). else if choose b 1 = 0, and a 1 = 0 the control points are R 0 = P 0 , Fig. 1(6) ). else if −1 < u 1 < 0 if choose some a 1 > 0 and b 1 satisfying 2b 2 1 + 2a 2 1 + (4a 1 b 1 + 1)u 1 > 0, and −a 1 u 1 < b 1 < − a 1 /u 1 . the control points and weights are as in the formulae ( * * ), where b 0 = 1 (see Fig. 1(2) ).
else Output "No improperly parameterized quartic curve" Step 3: Under this case, the curve is a semi-circle or semi-ellipse. Suppose the curve is x 2 /a 2 + y 2 /b 2 = 1, whose end parametric angles are , + , respectively. Input the kind of the quartic curve we need: degree-reducible or improperly parameterized. 
Applications
The results in [5] belong to a special case in this paper which is applicable for the general case. In order to illuminate this view point, we take the same curves in Examples (3a) and (3d) of [5] as one of our Examples 1(a) and 1(b) in the following, and obtain the obvious conclusion by applying Theorem 3. According to Algorithm 1, we can know that curve (a) is an elliptic segment holding condition (III), Fig. 1 (1) with 2 = 1 4 < 1 (see Fig. 3 (1)); curve (b) is a hyperbolic segment holding condition (I), Fig. 1 (1) with 2 = 9 4 > 1 (see Fig. 3(2) ); curve (c) is a parabolic segment holding condition (I), Fig. 1(3) with 2 = 1 (see Fig. 3(3) ).
Example 2.
Given an elliptic segment satisfying x 2 + y 2 /1.2 2 = 1 with its parametric angle 5 /3. And its control points of the corresponding rational quadratic Bézier curve are P 0 ( 
